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Abstract 

On a Riemann surface there are relations among the periods of holomorphic 
differential forms, called Riemann's relations. If one looks carefully in Riemann's 
proof, one notices that he uses iterated integrals. What I have done in this paper is 
to generalize these relations to relations among generating series of iterated integrals. 
Since the main result is formulated in terms of generating series, it gives infinitely 
many relations - one for each coefficient of the generating series. The lower order 
terms give the well known classical relations. The new result is reciprocity for 
the higher degree terms, which give non-trivial relations among iterated integrals 
on a Riemann surface. As an application we refine the definition of Manin's non- 
commutative modular symbol in order to include Eisenstein series. Finally, we have 
to point out that this paper contains some constructions needed for multidimensional 
reciprocity laws like a refinement of one of the Kato-Parshin reciprocity laws. 
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Introduction 

This paper is the first one from a series of papers on reciprocity laws on a complex 
variety based on properties of a fundamental group. Here we limit ourselves to the case 
of Riemann surfaces. We obtain infinitely many reciprocity laws on a Riemann surface, 
which we write as a reciprocity law for a generating series. The first few reciprocity laws 
are known, but the rest are new. The second paper from this series gives a reciprocity 
law for a new symbol, which is a refinement of Parshin symbol (see |P2j . [P3j ) for a 
complex surface. 

In both papers we use properties of a certain fundamental group by examining iter- 
ated integrals in the sense of K.-T. Chen (see [Ch] ) . 

We define a generating series of iterated integrals F with good analytic properties. 
And we prove a reciprocity law for such a generating series F. Since we have a generating 
series, each coefficient gives us a reciprocity law. The first few terms give us known 
reciprocity laws. For a term of degree 3, we obtain a new reciprocity law [H], which we 
use in the next paper on refinement of one of the Kato-Parshin ( [Ka| ) reciprocity laws for 
the Parshin symbol ( [P2j . [P3]). The lower degree terms give well known reciprocity laws. 
In degree 1 we recover the following reciprocity: the sum of the residues of a differential 
form on a Riemann surface is zero. In degree 2, we recover Riemann relations among 
differential forms of the 3-rd kind [GHJ. Also from degree 2, we recover Weil reciprocity. 
If one looks carefully at a proof of Riemann's relations (see |GH| ). one notices that they 
use iterated integrals. What I have done in this paper is to generalize these relations 
to relations among generating series of iterated integrals F. Since it is formulated in 
terms of generating series, it gives infinitely many relations - one for each coefficient 
of the generating series. This paper establishes the main tools, which will be used in 
papers that establish a new reciprocity law for portion of Kato-Parshin symbols. For 
a complex surface see [Hj. For refinement of Parshin symbol for higher dimensional 
complex varieties, we have the a prove for the new reciprocity law. This in the 3-rd 
paper from the series, which is in preparation. 

We construct the generating series of iterated integrals F as a solution of an ordinary 
differential equation, following an idea of Manin [Mj. For each closed loop a on a Riemann 
surface, we consider the generating series of the iterated integrals F a . On a Riemann 
surface there is "good" choice of generators of the fundamental group, with only one 
relation. For each of the generators of the fundamental group we consider the generating 
series of iterated integrals F ff . Composition of paths corresponds to a composition of 
generating series of iterated integrals. For two loops u\ and 02 with common base point, 
we have F U1 F IJ2 = F aiU2 for the generating series. The relation among the generators 
in the fundamental group gives us a relation among the generating series of iterated 
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integrals F a for various loops a. We call this relation a reciprocity law. This is the key 
idea in the construction of the reciprocity law. 

Before we formulate the final statement of the reciprocity law, we consider several 
simplifications. The first one is for a simple loop around a pole of any of the differential 
forms. We present constructively the process of taking residues of iterating integrals, 
which we generalize to taking residues of generating series of iterated integrals. Another 
simplification that we make is for Fi ai> p.-\, where [a,, fy] is commutator of on and loops 
on a Riemann surface. When all this is done, we formulate the reciprocity law. 

In the last section we apply the developed ideas about non-commutative reciprocity 
law to Manin's non-commutative modular symbol. We are able to extend his construction 
so that we can include Eisenstein series. 

Where is the non-abelian group in the reciprocity law? An iterated integral over a 
loop depends on the loop. Since iterated integrals are homotopy invariant, we have that 
an iterated integral over a loop depends only on the element of the fundamental group 
that this loop represents. How much do iterated integrals distinguish elements of the 
fundamental group? I thank one of the referees, who pointed out that conjecture by 
Parshin |P1] that iterated integrals of differential forms of the third kind on a Riemann 
surface capture precisely the pro-unipotent part of the fundamental group. For some 
progress and intuition in this direction one might look at O. In terms of nilpotent 
variations of mixed Hodge structures related to the fundamental group, one can look at 
the following papers [G] and [DG] , 

There are non-commutative reciprocity laws by Brylinski and McLaughlin (see [BrMcJ ) 
on a complex variety. There reciprocity laws are non-abelian, since the authors consider 
not only a classifying space BGL of the structure sheaf, but also a certain central ex- 
tension. In this paper the reciprocity laws are non-abelian for a different reason. The 
reciprocity laws are based on properties of the fundamental group on a punctured Rie- 
mann surface X, which is a non-abelian group in most of the interesting situations. Also, 
with the use of iterated integrals, we capture non-abelian quotient of the fundamental 
group 7Ti(X, P), which is strictly larger than the maximal abelian quotient H\{X). 

I would like to make one remark about the reciprocity laws in this paper. Instead 
of working on a Riemann surface, one can consider a smooth algebraic curve over the 
algebraic closure of the rational numbers. Using the construction in [G] and |DG| we 
can conclude that the iterated integrals of algebraic differential forms with logarithmic 
poles over a path give periods in the sense of algebraic geometry. So the reciprocity laws 
that we describe in this paper are relations among periods. 

We are going to use explicit integrals. However, in a more theoretical approach, one 
can consider framed mixed Hodge structures associated to the integrals that we consider. 
The process of taking residues of iterated integrals corresponds to taking co-product of 
the corresponding framed mixed Hodge structure (see [G]). 

The non-abelian reciprocity law in this paper has a generalization to higher dimen- 
sions. Even in dimension 2, new phenomenons occur: instead of reciprocity law for the 
Parshin symbol, we obtain a new reciprocity law for a refinement of the Parshin symbol 
(see m)- 
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1 Background on iterated integrals 



This section establishes both the notation and the main properties of iterated integrals, 
which we are going to use throughout the paper. We recall well known properties of 
iterated integrals, which we are going to use heavily in the rest of the paper. One can 
look at K.-T. Chen |Ch| and Goncharov [G] for proofs of the statements and for more 
properties of iterated integrals. For the differential equation (jl.lj) . we follow the idea of 
Manin [Mj. 

1.1 Definition of iterated integrals 

Definition 1.1 Let u\, . . . ,u n be holomorphic 1-forms on a simply connected open sub- 
set U of the complex plane C. Let 

7 : [0, 1] U 

be a path. We define an iterated integral of the forms u\, . . . , u n over the path 7 to be 



ujx o . . . o ui n = / ... / 7*wi (ti) A ... A j*u n (t n ). 

7 J Jo<t 1 <...<t n <i 

It is called iterated because it can be defined inductively by 

Wio...ow n = / (/ u)i o . . . ow n _ 1 )7*w„(t). 
7 JO Jj\[0,t] 

1.2 Homotopy invariance of iterated integrals 

Theorem 1.2 Letuj\, . . . ,oj n be holomorphic 1-forms on a simply connected open subset 
U of the complex plane C. Let 

H : [0, 1] x [0, 1] — ► Z7 
be a homotopy, fixing the end points, of paths 

Is ■■ [0, lj^U 

such that 7 s (t) = H(s,t), and for fixed s, we have a path 7^ : [0, 1] — > U . Then 

uji o . . . o 0J n 

J Is 

is independent of s . 

1.3 Differential equation 

When we consider an iterated integral, we can let the end point vary in a small neigh- 
borhood. Then the iterated integral becomes an analytic function. 

Let u)\, . . . , LJ n be differentials of the 3rd kind on a Riemann surface X. Following an 
idea of Manin [M] , we consider the differential equation 

n 

dF = Fj2AiUi, (1.1) 

i=l 
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where A\, . . . , A n are non-commuting formal variables. Let P be a point on X such that 
none of the differential forms has a pole at P. It is easy to check that the solution of 
F(z) with initial condition F(P) = 1 is 

rz _ rz rz 

i P i,j P i,j,k P 

The summation is over all iterated integrals of the given differential forms. Note that 



d J 0Ji o . . . o ujj o u>k = {J Wj o . . . o 0Jj)uJk- 



1.4 Multiplication formulas 

We can take a path 7 from P to z. We denote the solution of the differential equation 
by Fj. If 71 is a path that ends at Q and 72 is a path that starts at Q we can compose 
them. Denote the composition by 7172. 

Theorem 1.3 (Composition of paths) With the above notation, we have 

Fj x Fj 2 = i ? 7 1 7 2 . 

Corollary 1.4 (Composition of paths) Letui, . . . ,oo n be differential forms, some of them 
could repeat. Let also 71 be a path that ends at Q and 72 be a path that starts at Q. We 
can compose them. Denote the composition 67/7172. Then 



/ Ui O ■ ■ ■ O U) n = ^ / WlO...OWj / 
J 71 75 ._n ■/ 71 J 75 



Wl O . . . O CJj / OJi+1 O ...OU) n , 
'71 72 i=0 J 7l -^72 

where for i = we define f uj\ o . . . o ui = 1, and similarly, for i = n we define 
f J2 U) i+1 o ...ou n = 1. 

1.5 Shuffle relations 

Definition 1.5 Denote by Sh(m,n) the shuffles, which are permutations r of the set 
{1, . . . , m, m + 1, . . . , m + n} such that 

r(l) < r(2) < ... < r(m) 

anc? 

r(m + 1) < r(m + 2) < . . . < r(m + n). 

Theorem 1.6 (Shuffle relation) Let ui, . . . , oj m , oj„ 1+ \, . . . , w m+n be differential 1- forms, 
some of them could repeat. Let also 7 be a path that does not pass through any of the 
poles of the given differential forms. Then 



/ UlO...OW m / U m+ i O . . . O UJ m+n = ^ 



(1) w r(2) • • • w r(m+n)' 

T&Sh(m,n) " 7 
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1.6 Reversing the path 

Lemma 1.7 (Reversing the path) Let 7 be a path. Let 7" 1 be the same path but going 
to the opposite direction. Then 

0J\ o L02 o . . . o oj n = (—1)™ / 0J n o u;„_i o . . . o u\. 

A 

2 Non-abelian reciprocity law on a Riemann surface 

This section is the heart of the article. It continuous with the topic of iterated integrals. 
However, now this is done in the direction of building the reciprocity law. It is more 
technical that the previous section. And it ends with the statement of the non-abelian 
reciprocity law on Riemann surfaces. 



2.1 Iterated integrals over a loop around a pole 

Let U be an open simply connected subset of the complex plane. We can assume that 
belongs to U. Let fidz, . . . , f n dz be holomorphic differentials on U. We are going 
to iterate these differential forms together with the form dz/z. Let P be a point in U 
different from 0. And let a be a simple loop in U that starts and ends at P and goes 
around once in a counterclockwise direction. We can assume that a does not intersect 
itself. Let r y t be a path that starts at P and ends at e for a point e 7^ in U very close to 
0. For convenience we take e to be a positive real number. Let 7 be a path starting from 
P and ending at 0, which is the limit of 7 e , when e tends to zero. We define also a e to be 
a loop that starts and ends at e and goes around once in a counterclockwise direction 
along a circle of radius e. We can deform a homotopic in U — {0} to 7 e <r e 7~ 1 . Note 
that iterated integrals are invariant with respect to homotopic deformation of the path 
of integration (see theorem \1.2\i . We are going to use corollary 11.41 for the composition 
of the paths 7 e (j e 7~ . 

Lemma 2.1 With the above notation 

f dz dz (27ri) r 
/ — o . . . o — = — 

where we iterate the form dz/dz with itself r -times 

Proof. We can take the following parametrization of z along a e . Let z = ee 2mt for 
< t < 1. Then dz/z = 2iridt. Therefore, 

f dz dz . .._ f 1 , , (2iri) r 

/ — o . . . o — = (2m) r / dto ...odt= - — t 1 —. 
Ja c z z J rl 

Corollary 2.2 // ui, . . . ,oj r are holomorphic forms on U — {0} with simple poles at 
then 

/ uj\ o . . . o u r = — 7 JT ResQUJi. 

Ae r ' i= l 
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Lemma 2.3 Consider an iterated integral over a e of the differential forms 



— Jidz, . . .,f n dz 

z 

in various order with possible repetition, so that not all of them need to appear in the 
integral. If at least one of the holomorphic differentials fidz, . . . , f n dz on U is present 
in the integral then the limit of the iterated integral, as e goes to 0, is 0. 

Proof. Expand the holomorphic differential forms around z = 0. Consider the following 
parametrization of the variable z along the path a e : z = ee 2mt for < t < 1. It is enough 
to prove the statement of the lemma for fi{z) = z ni . (The general statement will follow 
since we have an uniform convergence of the power series of fi on compact subsets of 
U.) Note that dz/z = 2iridt and z n dz = 2irie n+1 e 2lTi{ - n+ ^ t dt for some n > 0. Consider 
the parametrization in terms of t for < t < s, where s is close to 1. Then the iterated 
integral over < t < s becomes 

Ce N e 2mNs g(s), 

where C is a constant N > and g(t) is a polynomial in t. So the limit as s approaches 
1 will be Ce N g(l). So the iterated integral has value Ce N g(l). Finally, this value 
approaches zero as e tends to zero, which proves the lemma. 

Lemma 2.4 Let fidz, . . . , f n dz be holomorphic forms on U — {0}. Let fi and /j+i be 
also holomorphic at 0. Denote by uj ot r-fold iteration of uj Then 



lim ^ / fidz o . . . o f^dz o I — I / I — I o f i+1 dz o . . . o f n dz = 0. 



The limit is still zero in the cases when the set {fidz, . . . , fidz} is empty and/or the set 
{f l+ idz, f n dz} is empty. 



Proof. Consider the integral 



fidz o . . . o fidz 

7e 



as a function of e. It is a sum of terms of the type a constant times e k log l {e). Since fi 
is holomorphic, we have that if / > then k > 0. Also if / > then k > 0, because 
the integral is convergent for e = 0. When e tends to zero e h log l (e) tend to zero. Now, 
consider the integral 

fidz o . . . o f^dz o (— \ 



"Ye \ Z J 

As a function of e it is a sum of terms of the type constant times e k log l+:> (e) for k > and 
/ > 0. From the previous considerations if Z > then k > and the term tends to zero 
as e approaches zero. Thus, the only term that does not tend to zero as e approaches 
zero is the constant term of 

/ fidz o . . . o fidz 



7 



times log l (e). Then 

lim f fidz o . . . o fadz o ( — ] - —log j (e) f fadz o . . . o fcdz = 0. 



'7e 

For the other integral in this lemma we use 

r /dz\ o( - r ~ j) . ■ r /dz\°( r ~ j) 

J _ x (j) o / i+1 <fe o . . . o f n dz = (-1)"-+^ y / n efe o . . . o / i+1 dz o (- j 

Using the same arguments as in the beginning of the proof we find that 



T 

J2^o9>(e)(-iy->j-—lo 9 r->(e) = 0, 



r fdz\ o{r ~ j) i r 

lim / f n dz o . . . o f i+ idz o — - T~ y log r 3 {e) I f n dz 0...0 f i+1 dz = 0. 

Note also that 

( _ 1)n _ i+r _ j f fndzQ Q ft+idz = ^y-j f f . +idz _ _ _ Q /ndz _ 
Therefore, 

hm^o E r j= J 7e Hdz 0...0 frdz o (f )° j / 7rl (f )° (r " j) o o . . . o f n dz = 

= J 7 hdz o . . . o J 7 _j /i+idz o . . . o f n dz Y? j=0 lim e ^o jt(— l) r ~- 7 j^jy_log r {e) . 
Finally, we have 

r 

V 

using binomial coefficients, after multiplying by r\. Thus, the limit in the lemma is zero. 

Now we are ready to give the general algorithm for expressing an iterated integral 
over a loop a around in terms of integrals over a path 7 starting at P and ending at 
and residues at z = 0. 

Theorem 2.5 Let u\, . . . ,u n be holomorphic forms on U. Let i\, . . . , i m be integers such 
that 

< i\ < 12 < ■ ■ ■ < i m < n. 
Let ji, . . . ,j m be positive integers. Then 

j a ui o o u h+l ••• OUJ i 2 o (t)° J2 0UJ i 2 +l • • • 

■■■ OUJ im°{ — ) o uj im+1 o . . . o uj n = 

= Er=i^//l0...o Wll o...o(fro Wll _ 1+1 o...o Wlfc x 

x L-i^ifc+i ••• °Ui k +i (t) °^ fc +i+i°--- ^- (t) o uj im+1 . . . o uj u . 



Proof. First we use that a is nomotopic to 7 e oyy~ . Then we use the formula for 
composition of paths in corollary 11,41 expressing the integral over a in terms of a sum of 
products of an integral over j e , an integral over a e and an integral over 77 1 . Consider 
the portion of this sum, where there are no differential forms integrated over o~ t . The 
sum of all such terms is zero because by corollary 11.41 this is the same as the integral 
over 7 e 7~ 1 , which is homotopic to the constant loop at P. 

Next, we examine what possible iterated integrals over a e we can have. If we have 
a holomorphic differential form at zero in the iterated integral over a e then, by lemma 
12.31 the value of the integral tends to zero as e approaches zero. Therefore, it is enough 
to consider only iterations of dz/z over a e . 

Consider iterated integrals of dz/z over o~ e . If the corresponding iterated integral 
over 7 ends with dz/z and/or the corresponding iterated integral over 7" 1 starts with 
dz/z then by lemma 1231 the sum of all such integrals tends to zero as e approaches zero. 

Therefore, the only terms we have to consider are the ones in the theorem. 

2.2 Generating series of iterated integrals over a loop around a pole 

Consider n differential 1-forms of with simple poles ui, . . . ,u? n , defined on an open and 
simply connected set U C C. Consider the differential equation (jl.ip 



where A±, . . . , A n are non-commuting formal variables. Let Q S U be a point where at 
least one of the differential forms has a pole. Let P £ U be a point, which is not a pole 
for any of the differential forms. Consider a simple loop a with the following properties: 
it starts at P; it does not self- intersect; it bounds a region V homeomorphic to a disk; 
and the only pole of the differential forms that lies inside V is Q. 

Let us simplify the solution F a , using theorem 12.51 Define 7 to be the path, starting 
at P and ending at Q, that sits in the region V, bounded by a. Using theorem 12.51 we 
can decompose F a . Let Fy eg be regularization of Fy, which contains only the iterated 
integrals over the path 7, whose iteration does not end with a differential form that has 
a pole at P. The series Fy contains the summand 1 and also all the iterated integrals 
mentioned above times the corresponding non-commuting variables. Similarly, F 1 "^ is 
regularization of Fy-i, which contains only the iterated integrals over the path 7, whose 
iteration does not start with a differential form that has a pole at Q, where 7 -1 is the 
reversed path of 7. 

Lemma 2.6 With the notation in this subsection, we have 



Proof. It follows from lemma 11.71 

We call F^ es the residual part of F a , defined by the portion of F a that contains only 
the iterated integrals of differential forms that have a pole at Q. In particular, F^ es does 
contain the constant 1. Let 



n 




i=l 



,reg 



-1 • 




1 + ^ 
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be the residual part without the constant term 1. Recall, Q is a point, where at least 
one of the differential forms has a pole. Then we have the following version of theorem 
in terms of generating series. 



Theorem 2.7 With the notation from this subsection, we have 



Proof. From theorem 12.51 we have 



p a = preg pRes preg^ 



We simplify the right hand side, using lemma 127 

pregpreg = L 

pregpRespreg^ = ^ = p reg ^ + pRes+^prej = j + preg pRes+ preg^ 

2.3 Generating series over a and f3 cycles of a Riemann surface 

Let X be a Riemann surface of genus g. Let ui, . . . , uj n be differential forms of the third 
kind on X. Let also ai,/?i, . . . , a g , j3 g be loops on X starting at P, which do not pass 
through a pole of any of the differential forms, such that they generate the fundamental 
group it i (X, P) with only one relation 

[ai,/3i] . . . [a g ,P g ] = 1. 

We used the notation [a,/3] = afia^ 1 /3 _1 . 
We are going to simplify 

F[a,p] = F a FpF a -iFp-i. 
Note that if we take the constant term 1 from Fp then we will have 

F a F a -iFp-i = Fp-i, 

which follows from the homotopy invariance of F aa -i (theorem 11.21 In order to capture 
such a cancellation, we define for a path 7 

F+ =E 1 -1. 



Lemma 2.8 With the above notation 

p, „, — 1 J- p+ p+ — p+ p+ 4 TP+ tp+ p+ _|_ p+ p+ p+ 4. p+ p+ p+ f+ 
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Proof. We are going to use many times = F 7 — 1. We have 

F[a,p] = F a FpF a -\Fp-i = F a F^F a -iF^-i + F a F a -\Fp-\ = 

= F a F+F a -iFp-i + Fp-i = FaF+F+^Fp-i + F a F+Fp-i + Fp-i = 
= FaF+F+^Fp-i + F a FpFp-i - F a F p -i + F p -i = 
= FaF+F+^Fp-! + (F a - F a Fp-i + Fp-i - 1) + 1 = 
= F a F+F+_,F p -i - F+F+_, + 1. 

Also 

F a F+F+_ lF ^ = F+F+F+^F^ + F+F+^F^ = 

= F Z F t F U F i^ + F i p p F U + f p f U f ^ + f p f U ■ 

From these two sequences of equalities the lemma follows. 



2.4 Non-abelian reciprocity law 

Here we keep the notation from the previous section. Let u\. . .u n be differential forms 
of the third kind on a Riemann surface X. Let Y be the open subset of X obtained by 
removing the poles of oj\ . . .oo n . Consider the differential equation (jl.ip on Y 

n 

dF = F(J2^m), 

i=l 

where Ai for i = 1, . . . , n are non-commuting formal variables. Fix a point P in Y. Let 

7 : [0, 1] Y 

be a piecewise smooth path that starts at P and ends at z. Then the solution of the 
differential equation with initial condition F(P) = 1 is 

n ~i n -i 

F 7 = 1 + V Ai / 7 *w; + V AiAj / 7*^ o fujj + .... 
i=i Jo i,j=i Jo 

If 7i and 72 are two paths such that the end point of 71 is the beginning point of 72. 
Let, 7172 be the composition of the two paths. Then, -F 7l72 = F 7l F 72 (theorem 1 1 . 2|> . 

Consider a simple loop o~i in Y with the following properties: it starts at P\ it does 
not self- intersect; it bounds a open region tyj homeomorphic to a punctured disk; and 
the only pole of the differential forms that lies inside the closure of Vi is Pj. Next we 
define a path 7^ with the following properties: ji lies in the closure of Vi; 7« starts at P 
and ends at Pj. We can choose the loops o"j so that in the counterclockwise we start with 
loops around points of the poles of u\. Then it continues with loops around the points 
of the poles of U2, which are not poles of oji, then it continues with loops around the 
poles of W3, which are not poles of oj\ or u>2 and so on. Call these loops o"i, . . . , a?]. We 
assume that bounds a disk - the closure of V^, containing only one point Pj from the 
poles of the differential forms. Let also a« and be loops on Y for i = 1, ... ,g, where g 
is the genus of Y . We can choose such that and so that Oj and for i = 1, . . . ,g 
and ax, . . . , o"tv generate tvx(Y) and the only relation between them is 



o-i . . .a N [ai,Pi} . . . [a g ,b g ] = 1 
11 



We define a pro-unipotent tame symbol to be F a where a is one of the loops that we 
have defined above. Note that we have made some choices of loops. If we multiply all the 
loops going in counterclockwise direction, then we will obtain a loop nomotopic to the 
zero loop at P. This gives the global reciprocity law for pro-unipotent tame symbols after 
simplification that uses section 1. We can write this reciprocity law in the following way. 
Let <7i, . . . ,o"tv in this order be the above loops counted in counterclockwise direction. 
Consider F ai as an element of the formal power series C << A±, . . . , A n >>. 

In the formulation of the pro-unipotent reciprocity law, we are going to use the 
notation from this section and from subsections 2.2 and 2.3. 

Theorem 2.9 The non-abelian reciprocity law on a Riemann surface is 

Proof. For the solutions of this differential equation we have that for two loops a and 
r starting at the same point P we have that F a F T = F aT (see theorem 1 1 . 3H . The 
composition 

o-i . ..a N [ai,Pi] . . . [a g ,f3 g ] 
is homotopic to the trivial loop at P. Therefore, 

F ai ... F aN F [au/3l] . . . F agil3g } = 1. 
Using lemma [2U1 in subsection 2.2, we have 

F ai = l + F^?F^F r % 

From theorem 12.71 from subsection 2.3, we have 

VP, . , — 1 _|_ /?+ P+ _/?+/?+ _|_ /?+/?+ /?+ -L TP+ p+ /?+ _|_ /?+ /?+ fP+ P+ 

*[<*j,Pj] ~ 1 + ft a" 1 a J Pj 1 + a J Pi aj 1 + Pi Pi 1 a i Pi a 7 Pi ' 

The following two lemmas are useful for explicit computations, which we are going 
to consider in section 4. 

Lemma 2.10 The coefficient next to the linear terms in the formal variables in 

N 

IP- 

i=l 

is zero. 

Proof. It is enough to prove the lemma for the coefficient A\. The coefficient next to A% 
is 



N 

E 

i=i 



The sum is zero because it is equal to the sum of the residues of uj\ . 
Lemma 2.11 The coefficient next to A, B or C in 

F [oci,Pi] 

is zero for every I = 1, . . . , g. 

Proof. From lemma l2~T8l we see that there is no term in degree 1 in the formal variables. 
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3 Explicit formulas for reciprocity laws 
3.1 Classical reciprocity laws 

Let oo\ and oj 2 be differential forms of the third kind on a Riemann surface X of genus 
at least g > 1. Consider the differential equation 

dF = F(Au l + Bu 2 ), 

(see the differential equation (jl.ip ) where A and B are non-commuting formal variables. 
Let P be point on X, which is not a pole for u\ and uj 2 - Assume that there are no 
common poles between u>\ and oj 2 . 

Let 7 is a path starting at P and ending at Q. Let P 7 = F(Q) be the solution of the 
differential equation with initial conditions P(P) = 1 solved along the path 7 and F(Q) 
is the evaluation of that solution at the point Q. 

Let Pi, . . . P p be the poles of u\. Let Qi,...Q g be the poles of u 2 . Let Y = X — 
{Pi, . . . , P p , Qi, . . . , Q g }. Consider a simple loop ap i in Y with the following properties: 
it starts at P; it does not self-intersect; it bounds a open region Vp i homeomorphic to 
a punctured disk; and the only pole of the differential forms that lies inside the closure 
of Vp i is Pj. We can choose these loops so that they do not intersect each other except 
at the point P. Call these loops ap 1 , . . . , ap p , ctq 1 , . . . , <JQ q - We can choose the loops so 
that in the counterclockwise we start with loops ap 1 , . . . ,crp p around the poles of d\ in 
this order, followed by the loops (Tq 1 , . . . , OQ q around the poles of uj 2 . Let also a\ and (3i 
be loops on Y for / = 1, . . . ,g, where g is the genus of Y. We can choose a\ and /3; so 
that ol\ and Pi for I = 1, . . . , g and op x , . . . , op v , oq x , OQ q generate tq (Y, P) and the 
only relation between them is 

a Pl . . . cr Pp a Ql . . . a Qq [ai,(3i] . . . [a g ,(3 g ] = 1. 

Let 7p i be a path from P to Pj that lies inside the disk bound by ap i . Similarly, let 
7q j be a path from P to Qj that lies inside the disk bound by cjq j . 

Let a be any of the above loops op i , oq., a& or b^. Consider the tame symbol F a . 

Consider the coefficients contributing to AB in the reciprocity law associated to the 
differential equation 

dF = F(Au)i + Bu) 2 ). 

Theorem 3.1 Let oj\ and u 2 be two differential forms of the third kind without common 
poles. Then with the above notation we have a reciprocity law for differential forms of 
the third kind 

ELl Resp^i / 7 -i uj 2 + Y% =1 Res Q] uj 2 f u x + 

+ £1=1 (Ja* W l ffo ^2 " 4 "1 L k "2) = 

= 0. 

Proof. We have that 

F(Tp 1 ...(Tp p (TQ 1 ...aQ q [0il,Pl]...[0ig,fig\ = 1" 

From lemma 12.101 and lemma 12.111 we have that there is no linear terms in A or B in 
F(7 Pl ...up p uQ 1 ...a Qq and in i f1 [ Q!]Lt( g 1 ].„[Q lgi/ 8 g ]. Using theorem 12.91 lemma [2781 and lemma [2751 
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we obtain that the coefficient next to AB in F ap is 



Resp^i / ui 2 - 
Similarly, the coefficient next to AB in F aQ is 

Res Qj u) 2 / 

And finally, the coefficient next to Ai? in i*] afc)j 8 fc ] is 



UJl I U 2 — I UJl W2 



k 



When the two forms do not have a common pole we obtain a reciprocity law for 
differential forms of the third kind (see |GH| ). 

This also implies Weil reciprocity law. For similar approach see [Kh|. 



Corollary 3.2 (Weil reciprocity) With the above notation, consider uj\ = df / f and 
UJ2 = dg/g, where f and g are meromorphic functions on the Riemann surface with 
disjoint divisors. Let the corresponding divisors (/) and (g) be 



i=i 



and 



Then 



{g) = ^2bjQj. 

t=i j=i 

Proof. Consider the above theorem with oj\ = df / f and ui2 = dg/g and exponentiate. 



3.2 Non-abelian reciprocity laws involving three differential forms 

Consider the differential equation (jl.ip in the following case 

dF = F(Auji + Buj 2 + Cuj 3 ), 

where A, B and C are non-commuting formal variables. Assume coi, ui2 and L03 have 
distinct poles. Let P be point on X, which is not a pole for u)%, ui2 or ^3- 

Let 7 is a path starting at P and ending at Q. Let F^ = F(Q) be the solution of the 
differential equation with initial conditions F(P) = 1 solved along the path 7 and F(Q) 
is the evaluation of that solution at the point Q. 

Let Pi, . . . P p be the poles of ui, Q%, . . . Q q be the poles of ui2 and R%, . . . R r be 
the poles of W3. Let Y = X — {P\, . . . , P p , Qi, . . . , Q q , Ri,..., R r }. Consider a simple 
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loop ap i in Y with the following properties: it starts at P; it does not self-intersect; 
it bounds a open region Vp i homeomorphic to a punctured disk; and the only pole of 
the differential forms that lies inside the closure of Vp i is P- L . We can choose these 
loops so that they do not intersect each other except at the point P. Call these loops 
ap 1 , . . . , ap p , gq 1 , . . . , (JQ q , ap 1 , . . . , op r . We can choose the loops so that in the counter- 
clockwise we start with loops ap 1 , . . . ,ap p around the poles of ui\ in this order, followed 
by the loops ctq 1 , . . . ,OQ q around the poles of u>2, followed by the loops 07^, . . . ,ap r 
around the poles of 003. Let also a; and /3; be loops on Y for / = l,...,g, where g 
is the genus of Y. We can choose a/ and Pi so that a/ and /3/ for I = l,...,g and 
ap 1 ,... ,ap p , oq 1 , OQ q , ap l , . . . , op r generate m (Y, P) and the only relation between 
them is 

<tp 1 ... <? Pp a Ql . . . a Qq a Rl ...a Rr [ai,fii] . . . [a g ,/3 g ] = 1 



Let r yp i be a path from P to Pi that lies inside the punctured disk Vp i bound by ap i . 
Similarly, let r yQ j be a path from P to Qj that lies inside the punctured disk Vq . bound 
by (Jq ] and let jp k be a path from P to Rk that lies inside the punctured disk Vp k bound 
by °R k 

Let a be any of the above loops up i , UQ j , ap k ai or bi. Consider the tame symbol 
F a . For them we have the following reciprocity. 

Theorem 3.3 Using the above notation, for three differential forms of the third kind, 
with disjoint poles, we have 

Ei=i Resp^ / 7 _i uj 2 o u 3 + J2 q j= i Res Qj^ J^ 1 I 1Q . w 3+ 

Efc=l Res R k U3 I lRk w l w 2 + 

+ Ef=l (lot W l ° W 2 J ft W 3 - / A Wi o W2 / Qj W 3 + 

+ L ; W 3 o W 2 J ft Wi - J ft W 3 o UJ 2 J ai Ul - 

~ Jot W l hi W2 4 W 3 + Jft Wl /„, ^2 / ft W 3 ) = 0. 

Proof. 

Consider only the coefficients of the tame symbol F a next to the A, B C, AB, BC 
and ABC terms in the non-commuting power series in A B and C. 
The coefficient next to ABC in F ap _ is 



/ oj\ o oj 2 o a; 3 = Resp^i \ W2 o W3. 

Jo Pi J*1 D -i 



Let ai = ap x ap 2 . . . ap p be a product of loops that go around the poles of u±. Then 



the coefficient next to ABC in F ai = F ap . . . F ap is 



p p 
^Respui 
i=i ^ 



ii)iou 2 ow3 = ^ j nesp^i I u>2 ^3- 

Also the coefficient next to A in F (71 is equal to the sum of the residues of u±, which 
is zero. Also the coefficient next to B and C in F <Tl is zero because the disks that o\ 
bounds do not contain any of the poles of u>2 or W3. 
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Let CJ3 = (Jr^Rz ■ ■ ■ (JR r be the product of the loops around the poles of oj 3 . Consider 
the coefficients next to A, B and C in F a3 . The coefficient next to A and B is zero 
because the loop does not bound any poles of u)\ or uj 2 . The coefficient next to B is 
zero because the sum of the residues of u 3 is zero. Similarly to the commutation in the 
previous paragraph the coefficient next to ABC in F a3 is 



OJl O LU 2 O L0 3 = R^SR k UJ 3 / U}\ O UJ 2 . 

CT 3 k=l J~< R k 

Let <72 = CQ1CQ2 • • • o~q be the product of the loops around the poles of ui 2 . Consider 
the coefficients next to A, B and C in F a2 . The coefficient next to A and C is zero because 
the loop does not bound any poles of uj\ or oj 3 . The coefficient next to B is zero because 
the sum of the residues of u 2 is zero. 

The coefficient next to ABC in F a2 is 

/ uio W2 ow 3 = ^ Res Q] u 2 / _ 0J1 / u> 3 . 

Jv2 j=1 h Q ) JlQj 

Therefore, the coefficient next to ABC in F axa2a3 is 

P /> Q f f ^ p 

Res Pi ui I i u 2 o u 3 + ^iiesQj^ / ^1 / ^3 + X! Res B^ I uj 1 o U j 2 . 
i=l ^Tp/ j=l ^ fc=l J 1*k 

Consider the coefficients next A, B, C and ABC of F\aiM- Using lemma [2THI we 
notice that the coefficient next to A, B or C in F\ aij ^ is zero. Also, the linear coefficients 
next to F ai , F a2 and F az are zero. Therefore, there will be any contribution from the 
quadratic terms in A, B and C in the series F\ au p^, since it has to be multiplies by a 
linear term, which is zero. Prom the reciprocity law, theorem 12. 9} we have consider only 
the coefficient next to ABC of. We only need to consider the sum of the coefficients next 
to ABC in F\ ai pj\, F ai , F a2 and F a3 , because the linear terms are zero. By lemma 12.111 
(see also theorem I2.9p . we have that the coefficient next to ABC in Fy au p^ is 

/ft W l fa' 1 W 2°W3 + ffi UJl o UJ 2 J a; -1 ^3- 
~ /a, W l f/3- 1 UJ2°UJ 3 - f ai Ui o u 2 fp-i UJ 3 + 
+ fa, W l /ftf 1 ^2 f a -l W 3 + J ft Wi / a -l W 2 j^-! 

Using lemma [L7l for reversing a path of the above iterated integrals, we finish the proof 
of the theorem. 

Remark 3.4 We need the last formula, for the coefficient next to ABC in Ft ai in 
the paper on a refinement of the Parshin symbol for surfaces 



4 Manin's non-commutative modular symbol, involving Eisen- 
stein series 

In this section we give an application of our reciprocity law to the non-commutative mod- 
ular symbol that Manin has defined (see [M]). Before we can apply the reciprocity law, 
we make a generalization of Manin's non-commutative modular symbol. We generalize 
it so that we can consider modular symbols involving Eisenstein series. 
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4.1 Construction and properties of the symbols 

In this section we enrich Manin's non-commutative modular symbol so that it includes 
Eisenstein series, not only cusp forms. This was a question raised by Glen Stevens. 

Let r be an arithmetically defined, torsion free, discrete group, acting on the upper 
half plane H, whose quotient is a Riemann surface X without a divisor D. (We allow 
compact quotients. That is D = 0.) We will consider loops on the modular curve X — D. 
Let fidz, . . . , f n dz be cusp or Eisenstein modular forms on % with respect to V. Consider 
the differential equation 

n 

dJ(z) = J(z)^2A i f l dz, (4.2) 
i=i 

where A^s are non-commuting formal variables. This is an equation of the type of 
equation (II. ip . which Manin uses to define the non- commutative modular symbol [M] . 
Originally Manin considered only the case where all fi are cup forms. Here we allow 
them to be either cusp forms or Eisenstein series. 
Let P be the image of i = \f— T in the projection 

pr : U ->• X - D. 

That is, 

P = pr( v /Z T). 

Usually, by a modular form f(z) people denote a holomorphic function on the upper 
half plane that has 'good' transformation properties under the action of the arithmetic 
group r. W are going to use a different trivialization of the modular form. A modular 
form will be a holomorphic 1-form on the upper half plane that has a 'good' transfor- 
mation properties under the action of the group T. 

We are going to identify the upper half plane H with SL2 (M) / SO2 (M) by identifying 
i in the upper half plane T~L with the projection of the identity element / in SL2(^)- Let 
P € X — D be the projection of i from the upper half plane. Then 

7r 1 (X-D,P) = T. 

Let Qi, ■ ■ ■ ,Qn be the points of the divisor D. They are called cusp points. Consider 
the punctured Riemann surface X. We can slice it to (N — 1 + 4g)-gon, so that the 
points of the divisor D are vertices of this polygon. 

Denote by jj a path, which is a piece of one of the sides of this polygon, that starts 
at an orbit of P and ends at a vertex with label Qj. Denote by 7!" a path, which is a 
piece of one of the sides of this polygon, that starts at Qj and ends at the other orbit of 
P compared to jj. 

Let . . . , co n be modular 1-forms. Consider a neighborhood U of a cusp point Q = 
Qj on the modular curve X such that the modular 1-forms oj\ , . . . , u) n have trivialization 
on U. Let Q' be in U and Q' 7^ Q. As before, let a = Oj be a simple loop on the modular 
curve X — D that starts at P and bounds a disc, which contains Q. Let Q t be a point 
inside U in an e-neighborhood of Q. The loop a is nomotopic to 

/ -1 1-1 
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where 7' is a path from P to Q', "y e a path from Q' to Q t ando" e a loop, starting at Q e 
around Q in an e-neighborhood of Q. Let a = sij be a lift of a on the upper half plane. 
Define lifts 7', %, a e , , 7'( -1 ) from the modular curve X — D to the upper half plane 
of 7', 7 e , cr e , 7" 1 and 7 /_1 , respectively. We also require that the ending point of a lifted 
path is the staring point of the next path. 

Definition 4.1 Given modular 1-forms (cji, . . . ,cj n ) = £1 and a path 7 in the upper half 
plane H, define 

to be the generating series of iterated integrals of cui, ... ,co n over the path 7, if the 
modular forms do not have poles at the starting point and at the ending point. If the 
starting point of 7 is a pole of any of the modular 1-forms, then we define 

to be the generating series of iterated integrals whose first 1-form in the iteration has no 
pole at the starting point 0/7. Similarly, if the ending point of 7 is a pole of any of the 
modular 1-forms, then we define 

to be the generating series of iterated integrals whose last 1-form in the iteration has no 
pole at the ending point 0/7. We define 

jg"(fi) 

where Q is a cusp point, to be exponential of the sum of the residues of the modular 
1-forms at the point Q on the modular curve, computed in a small neighborhood of Q. 
And finally, 

j« es+ (n) = -i + j§ es (n). 

We have 

Theorem 4.2 With the notation from this subsection, we have 

j ff (n) = 1 + ^(njjj^cnj^cn), 

where 7 is a path starting at P and ending at Q, 7 and 7^ _1 ) are lifts of ^ and j -1 , so 
that 7 starts at the initial point of a and ends at a cusp corresponding to Q and 7^ _1 ) 
at the ending point of 7 and ends at the ending point of a 

Proof. We apply theorem 12.71 to the loop 7 e <T e 7 ( T 1 .Then we use that Jy(il) J 7e ($7) = 
Jy 7e (f2). The same equality hold for regularized generating series. 

We have a non-abelian reciprocity law on the upper half plane involving holomorphic 
modular 1-forms, which are either cusp forms or Eisenstein series (as 1-forms). It is 
similar to the non-abelian reciprocity law on Riemann surface involving differential forms 
of he third kind. See theorem 12.91 In the following theorem we are going to omit from 
the notation. That is, we are going to write J 7 instead of J 7 (f2). 
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Theorem 4.3 With the above notation, we have the following reciprocity law for Eisen- 
stein and cusp forms 

M \ 
3=1 <3 J 

where the composition of the paths jj and ^ for all j, namely, 

M 

mi- 1 * 

is contractible and M = N + \g. 

Definition 4.4 Let P and P' be in the orbit of i in the upper half plane under the 
action of the arithmetic group T. Let Q and Q' be a cusp points. Let also 7, 7'( _1 ) and 
a be paths in the upper half plane that connect P with Q, Q' with P and P with P' , 
respectively. We define non- commutative modular symbols to be 

4^(0), j a (nj 

and 

The non-commutative symbol that Manin has defined can be recovered by considering 
the product 

^,(0)^(0), 
where the regularization is not needed for cusp forms. 

4.2 Main Example 

A very important example occurs, when we consider generating series of iterated integrals 
J of 1-forms fdz and dz for a torsion free arithmetic groups T commensurable to SL^iT^)^ 
where fdz is a cusp form. 

Remark 4.5 Note that fdz is a cusp 1-form but f is not a cusp form. The poles of f 
cancel with the poles of dz. In terms of algebraic geometry a cusp form is a section of a 
certain line bundle on the modular curve X. Instead of considering local trivialization in 
terms of the rational functions Ox, we consider local trivialization in terms of 1-forms 
on X, £lx- The cusp form F trivialized as a function on the upper half plane is related 
to the cusp form trivialized as a holomorphic 1-form fdz by 

F(x) = f fdz 
Jo 

for a point x in the chosen fundamental domain. 
Definition 4.6 We denote by 

dz on 



the n-fold iteration of the form dz. 
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With this notation we have the following theorem. 
Theorem 4.7 Let 

r° 

L(F,ni,F,n 2 ,...,F,n k ) := / F(z)z ni ' 1 dz o . . . o F{z)z nk ~ 1 dz. 

J ioo 

Then 

(a) L(F, n) = (n+ 1)1 fdz o dz on ; 

(b) L(F, nx,F,n 2 ,..., F, n k ) = II*=i(«j + x ) ! iL f dz dz ° ni °---°fdzo dz° n »; 

(c) J^ e9 (fdz,dz) is the generating series of the L-functions in part (b). 

Proof. The form dz on the upper half plane corresponds to a differential form of the 
third kind on the modular curve. Also, at the point of the upper half plane, both fdz 
and dz are holomorphic. Thus, the regularization is well defined. 
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